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A 6-parametric asymptotically ﬂat exact solution, describing a two-body system of asymmetric black 
dyons, is studied. The system consists of two unequal counterrotating Kerr–Newman black holes, 
endowed with electric and magnetic charges which are equal but opposite in sign, separated by a 
massless strut. The Smarr formula is generalized in order to take into account their contribution to 
the mass. The expressions for the horizon half-length parameters σ1 and σ2, as functions of the Komar 
parameters and of the coordinate distance, are displayed, and the thermodynamic properties of the two-
body system are studied. Furthermore, the seven physical parameters satisfy a simple algebraic relation 
which can be understood as a dynamical scenario, in which the physical properties of one body are 
affected by the ones of the other body.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction
It is well known that an isolated Kerr–Newman black hole remains in a ﬁnal equilibrium state when it is free of monopolar magnetic 
charges. In a two-body system the net monopolar magnetic charges can be eliminated by including opposite magnetic charges in the 
constituents of the binary conﬁguration. The main effect is the appearance of a Dirac string linking the two black hole sources. Tomimatsu 
proposed [1] that including magnetic charges into the double-Kerr–Newman solution the usual Smarr formula [2] does not hold as 
consequence of the contribution of the string to the electromagnetic part of the angular momentum of the system and to the electric 
potential over the horizon.
Binary systems composed by identical Reissner–Nordström (RN) black holes, endowed with equal but opposite electric (or magnetic) 
charges, were ﬁrst considered by Emparan [3], he called them black diholes (BDH). The black holes are apart from falling into each other 
by means of a massless strut (conical singularity) in-between [4,5]. In Einstein–Maxwell (EM) theory, a static axisymmetric dihole system 
exhibits an equatorial symmetry [6,7]. After introducing the rotation parameter the system turns out to become dyonic [8], therefore, 
duality properties are no longer fulﬁlled and the spacetime results to be invariant under an exchange between the electric and magnetic 
charges [9]. Moreover, if the black holes are counterrotating, with zero total angular momentum, the spacetime turns out to be equatorially 
antisymmetric [6].
For a system of non-identical static black holes the equatorial symmetry of the spacetime is broken and the system constituents are 
now asymmetric black diholes [10]. It means that the static black holes are endowed with unequal masses but equal and opposite electric 
(or magnetic) charges. This type of asymmetric dihole models carry on electric (or magnetic) dipole moment, which can be extended in 
order to include unequal and opposite angular momentum parameters.
In Section 2, we solve the axis conditions in order to construct a 6-parametric asymptotically ﬂat exact solution, which describes a 
two-body system of unequal counterrotating black holes endowed with both electric and magnetic charges. In Section 3, we derive the 
expressions for the horizon half-length parameters σ1 and σ2, in terms of the Komar physical parameters [11]. In Section 4 we show 
how the Dirac string linking the black holes contributes to the electromagnetic component of the individual angular momenta of the 
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thermodynamical properties are derived. In Section 5, some limit cases are analyzed.
2. Asymmetric black dyonic holes
The Sibgatullin’s method (SM) [13], which deals with poles on the complex plane, requires the knowledge of the Ernst complex 
potentials on the symmetry axis E(ρ, z) := e(z) and (ρ, z) := f (z), which have the following form:
e(z) = 1+
2∑
j=1
e j
z − β j , f (z) =
2∑
j=1
f j
z − β j , (1)
where {e j, f j, β j} are complex constants related to the Simon’s multipolar moments [15]. Since monopolar terms, NUT sources [16], and 
total magnetic charge break the asymptotic ﬂatness of the solution, one ﬁxes the axis conditions to avoid them. The axis conditions are an 
algebraic system of equations given in [9,14]. To solve the algebraic equations for the axis conditions, one determines, from Eq. (1), the ﬁrst 
Simon’s multipolar terms: total mass M, total electric Q, and total magnetic B charges. We focus on an asymptotically ﬂat 5-parametric 
exact solution for a system of two unequal counterrotating black holes separated by a massless strut. The simplest choice for this case is 
β1 + β2 =M := −M , Q := B := 0. The system is endowed with opposite and identical electric/magnetic charge Q E/Q B . The total mass 
M is the sum of the individual unequal masses M1 and M2. The total angular momentum of the system J = J1 + J2 (having J1 and J2
opposite signs). Since the black hole horizons are determined on the symmetry axis by the real αn parameters (see Fig. 1), we write them 
as: α1 = R2 + σ1, α2 = R2 − σ1, α3 = − R2 + σ2, α4 = − R2 − σ2. The axis conditions are thus given by:
f1,2 = ± qo + ibo√
p + iq+
, β1,2 = −M ±
√
p + iq+
2
,
p = R2 − M2 + 2
(
1 − 2R
M
)
, qo := Qo(R − M),
bo := Bo(R − M), μ := R − M
R + M , 1,2 := σ
2
1 ± σ 22 ,
q± = 2
{
(R2 − M2)(M2R2 − 22 )[M4 − 21M2 + 22 − 4μM2(Q 2o + B2o)]
}1/2
/M(MR ± 2) (2)
replacing Eq. (2) into Eq. (1), the Ernst potentials on the symmetry axis read:
e(z) = e+
e−
, f (z) = qo + ibo
e−
, (3)
e± = z2 ∓ Mz + 2M
3 − MR2 − 2M1 ∓ 22R
4M
− i q∓
4
. (4)
The Simon–Beig multipolar moments [17] read [18]
M2n + i J2n = M
22n
[
R2 − 2M2 + 21 + i MRq+
MR − 2
]n
,
M2n+1 + i J2n+1 = 2
22n+1M
[
R + i Mq+
2(MR − 2)
]
×
[
R2 − 2M2 + 21 + i MRq+
MR − 2
]n
,
Q 2n+1 + iB2n+1 = (qo + ibo)
22n
[
R2 − 2M2 + 21 + i MRq+
MR − 2
]n
, n = 0,1,2, . . . , (5)
where Mn , Jn , Qn , Bn are related with the mass, angular momentum, electric, and magnetic multipolar moments, respectively. Moreover, 
qo := Q 1 and bo := B1 are linked with the electric and magnetic dipole moments. The electromagnetic ﬁeld remains invariant under the 
transformation qo ↔ ibo .
The Ernst potentials on the symmetry axis, Eq. (4), can be extended to the whole spacetime by means of SM [13], which satisfy the 
Ernst equations [19]:(
ReE + ||2
)
E = ∇E + 2¯∇)∇E, (6)(
ReE + ||2
)
 = (∇E + 2¯∇)∇, (7)
where  = ∂ρρ + ρ−1∂ρ +  = ∂zz and ∇ = aρ∂ρ + az∂z , aρ and az are unit vectors. Cumbersome calculations leads us to the Ernst 
potentials E and :
E = 
 + 

 −  ,  =
χ

 −  . (8)

 = (κ/2){4σ1σ2
(
M4 − 22
)
(r1r2 + r3r4) +
[
M4R2 + 22 (R2 − 2M2)
]
(r1 − r2) (r3 − r4) + (M4 − 2M2R2 + 22 )
× [1(r1 − r2)(r3 − r4) − 2σ1σ2(r1 + r2)(r3 + r4)]− 2iδ[σ1 (r1 + r2) (r3 − r4) − σ2 (r1 − r2) (r3 + r4)]}
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+ 2(q2o + b2o)M2R2
[
2σ1σ2 [2(r1r2 + r3r4) − (r1 + r2)(r3 + r4)]− (R2 − 1)(r1 − r2)(r3 − r4)
]
,
 = κ{μ1
[
2σ2M
2
(
2 − R2
)
(r3 + r4) − R(M2 − 2)2(r3 − r4)
]
− μ2
[
2σ1M
2
(
2 + R2
)
(r1 + r2) − R(M2 + 2)2(r1 − r2)
]
+ iδ [μ1(r3 − r4) − μ2(r1 − r2)]}
− 42(q2o + b2o)MR
[
σ1[2σ2R(r1 + r2 − r3 − r4) − (R2 − 2)(r3 − r4)] − σ2(R2 + 2)(r1 − r3)
]
+ σ1
[
κ2−
[
(κ2+ − R2 + M2)(M2R2 − 22 ) + iRδ
]
r3 − κ2+
[
(κ2− − R2 + M2)(M2R2 − 22 ) + iRδ
]
r4
]
},
χ = −2(qo + ibo){σ2
[
κ1−
[
(κ1+ − R2 + M2)(M2R2 − 22 ) + iRδ
]
r1 − κ1+
[
(κ1− − R2 + M2)(M2R2 − 22 ) + iRδ
]
r2
]
,
δ :=
√
(R2 − M2)(M2R2 − 22 )[M4 − 21M2 + 22 − 4μM2(Q 2o + B2o)], μ j := σ j[M − (−1) j2/M],
κ := κ j+κ j−, κ j ± := R2 ± 2σ j R − (−1) j2, (9)
rn are the positive distances from the sources to any point (ρ, z) outside the symmetry axis, they read
r1,2 =
√
ρ2 + (z − R/2∓ σ1)2, (10)
r3,4 =
√
ρ2 + (z + R/2∓ σ2)2. (11)
The metric functions f , γ and ω of the axisymmetric Papapetrou line element:
ds2 = f −1
[
e2γ (dρ2 + dz2) + ρ2dϕ2
]
− f (dt − ωdϕ)2, (12)
can be obtained by solving of the following system of differential equations:
E := f − ||2 + i,  := −A4 + i A′3,
ωρ = −ρ f −2 Im(Ez + 2¯z), ωz = ρ f −2 Im(Eρ + 2¯ρ), (13)
4γρ = ρ f −2
[
|Eρ + 2¯ρ |2 − |Ez + 2¯z|2
]
− 4ρ f −1(|ρ |2 − |z|2), (14)
2γz = ρ f −2 Re
[
(Eρ + 2¯ρ)(E¯z + 2¯z)
]− 4ρ f −1Re(¯ρz), (15)
The electromagnetic 4-potential reads Ai = (0, 0, A3, A4). The electric A4 and the magnetic A3 are the only non-vanishing components. 
The last one is associated with A′3. After using the SM the metric functions for the whole spacetime explicitly read
f = |
|
2 − ||2 + |χ |2
|
 − |2 , ω =
Im
[
(
 − )G¯ − χ I¯]
|
|2 − ||2 + |χ |2 ,
e2γ = |
|
2 − ||2 + |χ |2
κ2o r1r2r3r4
, (16)
G = 2z + κ{4σ1σ2R
(
M4 − 22
)
(r1r2 − r3r4) + σ1
(
R2 + 2
)
(M2 − 2)2(r1 + r2)(r3 − r4) − 2i2δ(r1 − r2)(r3 − r4)
+ σ2
(
R2 − 2
)
(M2 + 2)2(r1 − r2)(r3 + r4) − μ1 [ν2(r3 + r4) + +(r3 − r4) + iδ [R (r3 − r4) − 2σ2 (r3 + r4)]]
+ μ2 [ν1(r1 + r2) − −(r1 − r2) − iδ [R (r1 − r2) + 2σ1 (r1 + r2)]]}
+ 4(q2o + b2o){(M2R2 − 22 ) [4σ2σ2(r1r2 − r3r4) − α+(r1r3 − r2r4) + α−(r1r4 − r2r3)]
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I = −2[(qo + ibo)/M]{(M2R2 − 22 ){4σ1σ2(R2 − M2)[(M2 + 2)r1r2 + (M2 − 2)r3r4] + M2−(r1r3 + r2r4)
+ R(σ1ν− − σ2ν+)(r1r3 − r2r4) + M2+(r1r4 + r2r3) − R(σ1ν− + σ2ν+)(r1r4 − r2r3)
− 8σ1σ2M2(R4 − 1R2 + 22 )}
+ iδ{M2R(R2 − 1)(r1 − r2)(r3 − r4) − 2σ1σ2R[2(M2 + 2)r1r2 + 2(M2 − 2)r3r4 − M2(r1 + r2)(r3 + r4)]
+ 2[σ1(R2 − 2)(r1 + r2)(r3 − r4) + σ2(R2 + 2)(r1 − r2)(r3 + r4)]}} + 2(qo + ibo){(M2R2 − 22 )
× {2σ1σ2[(κ+ + 32(M2 + 2))(r1 + r2) + (κ− − 32(M2 − 2))(r3 + r4)] + 3R[σ2ν+(r1 − r2) − σ1ν−(r3 − r4)]}
+ iδ[6σ1σ22R(r1 + r2 − r3 − r4) + σ2κ+R(r1 − r2) − σ1κ−R(r3 − r4)]},
κo := 8σ1σ2(M2R2 − 22 )κ,
α± := σ1(R2 − 2) ± σ2(R2 + 2),
ν j := 2σ j R
[
22 + M2(M2 − R2 − (−1) j2)
]
,
± := 21M2(R2 ∓ 2) + 22 (2M2 − R2) − M4R2,
λ j := 2σ jM
[
M2R4 + (−1) j2(M2R2 − κ)
]
,
ν± := M2(R2 − 21 ± 2) ∓ 2(R2 ∓ 2),
κ± := R4 − 21R2 ∓ 32R2 − 222 . (17)
Since the sources are unequal, under the transformation 1 ↔ 2, z → −z, i.e., ω(ρ, −z)(1↔2) = −ω(ρ, z), only the metric function ω
changes its global sign while the others remain invariant. Besides, the total angular momentum J of the system can be calculated asymp-
totically from the Ernst potentials on the symmetry axis (4); it reads
J = 2
2M
{
(R2 − M2)
[
M4 − 21M2 + 22 − 4μM2(Q 2o + B2o)
]
/M2R2 − 22
}1/2
. (18)
It is interesting to note, from Eq. (18), that under the transformation 1 ↔ 2, i.e., J = − J (1↔2) the total angular momentum J changes 
its sign. This sign change implies that Eq. (9) together with Eq. (17) describe indeed a 6-parametric asymptotically ﬂat exact solution for a 
binary system of counter-rotating Kerr–Newman sources. The sources are keeping apart by a massless strut, i.e., a line source of pressure, 
over the black hole horizons, measured through the conical singularity (angle’s deﬁcit) [4,5].
It is essential to write the Ernst potentials (9) and metric functions (17) in terms of the horizon half-length parameters σ j , j = 1, 2. 
This parametrization is more suitable to obtain an explicit formula for the horizon half-lengths σ j in terms of the Komar parameters and 
the coordinate distance. The transformation σ j → iσ j leads the solution (9) and (17) to model relativistic disks.
By setting Qo = 0, Bo = 0, Eq. (9) and Eq. (17) reduce to the vacuum case [12]. Additionally, for Bo = 0, Qo = Q E and σ j =
√
M2j − μQ 2E ,
j = 1, 2, Eq. (9) and Eq. (17) describe asymmetric black diholes [10], i.e., a two-body system of RN black holes with unequal masses and 
identical charges opposite in sign [20].
3. Derivation of the black hole horizons
The event horizon of each black hole is deﬁned as a null hypersurface H j = {α2 j ≤ z ≤ α2 j−1, 0 ≤ ϕ ≤ 2π, ρ → 0}. Therefore σ j
describes the half-length of the rod representing the j-th black hole. In order to derive the expression for σ j in terms of the Komar 
physical parameters, we use the Tomimatsu’s formulae [1]:
M j = − 18π
∫
H j
ωz dϕdz, Q B j =
1
4π
∫
H j
ωA4z dϕdz,
Q E j =
1
4π
∫
H j
ωA′3z dϕdz,
J j = − 18π
∫
H j
ω
[
1+ ωz
2
− A˜3A′3z − (A′3A3)z
]
dϕdz, (19)
with A˜3 := A3 + ωA4. According with the SM the magnetic potential A3 is the real part of the Kinnersley’s potential 2 [21]. It reads
A3 = Re (2) = Re
(
−i I
E−
)
= −zA′3 + Im
( I

 + 
)
. (20)
Since the binary system contains a dynamic scenario in which the physical and geometrical properties of one body are affected by 
the presence of the other one, without loss of generality throughout this section we will calculate all the properties of the system only 
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Q E1 = −Q E2 = Q E , Q B1 = −Q B2 = Q B , whose expressions are obtained with aid of Eq. (9) and Eq. (17), they read
Q E = Qo(R
2 − M2)(M2R2 − 22 ) + BoRδ
M2[R4 − 21R2 + 22 − 4μR2(Q 2o + B2o)]
,
Q B = Bo(R
2 − M2)(M2R2 − 22 ) − QoRδ
M2[R4 − 21R2 + 22 − 4μR2(Q 2o + B2o)]
. (21)
Combining both Eqs. (21) one gets
Q 2E + Q 2B =
(Q 2o + B2o)(R2 − M2)(M2R2 − 22 )
M2[R4 − 21R2 + 22 − 4μR2(Q 2o + B2o)]
, (22)
where Q E and Q B can take positive or negative values according to the election of the sign of Qo and Bo . The individual masses are 
given by M j = [M2 − (−1) j2]/2M , with j = 1, 2, and hence the total mass M = M1 + M2. In addition, we obtain the following relation: 
(−1) j2 = −M j , with 1 = −2 = M1 − M2. Introducing an auxiliary variable X as the ratio: X := [Q 2o + B2o]/|Q 2E + Q 2B |, it is possible 
to rewrite σ j as a function of X , they read:
σ j =
√
X[M2j − |Q 2E + Q 2B |μ] +
(
R2 + M j
2R
)2
(1− X). (23)
From Eq. (21), Qo and Bo can be rewritten as: Qo = Q E − Q B
√
X − 1, Bo = Q B + Q E
√
X − 1. Moreover, the mass formula for the j-th 
black hole reads [1]:
M j = κ j S j4π + 2 j J j + 
H
E j Q E + MSA j
= σ j + 2 j J j + HE j Q E + MSA j , (24)
where HE j = −AH4 j −  j AH3 j is the electromagnetic potential measured at the corresponding black hole horizon H j . Besides  j := 1/ωH j
is the angular velocity and ωH j is the metric function ω evaluated at the horizon. Additionally, MSA j is an extra boundary term related 
with the magnetic charge. It is given by
MSA j = −
1
4π
∫
H j
(
A3A
′
3
)
z dϕdz. (25)
Tomimatsu showed [1], that the boundary term MSA j contains the contribution of the magnetic charges to the Smarr formula for 
the mass. Therefore, for non-vanishing A3 potential at the two ends of the horizon H j , magnetic charges prevail into the solution and 
consequently the Smarr mass formula must be enhanced accordingly. Indeed the Dirac string linking the black holes provides contributions 
to the electromagnetic component of the angular moment J j and to the electric potential HE j , as we shall see below. Straightforward 
calculations leads us to the following expressions for MSA j , 
H
E j
, and  j :
MSA j = Q B(Q BφHj − Q E j), HE j = Q EφHj − Q B j, (26)
 j = μ2
(R2 + 2σ j R + M j)
√
X − 1
M j[(R2 − 2M jR + M j)(1− X) + 2(M j + σ j)R] − μ|Q 2E + Q 2B |XR
,
φHj :=
μ
2
R2 + 2σ j R + M j − (R2 − 2M jR + M j)X
M j[(R2 − 2M jR + M j)(1− X) + 2(M j + σ j)R] − μ|Q 2E + Q 2B |XR
, (27)
thereby one gets an enhanced Smarr formula which now includes the contributions from the magnetic charge Q B to the mass [9,14]:
M j = σ j + 2 jJ j + HEL j Q E + HMAG j Q B ,
HELj := Q EφHj , HMAG j := Q BφHj ,
J j := J j − ε j Q E Q B , ε1 = −ε2 = +1. (28)
Replacing σ from Eq. (23) into the enhanced Smarr formula (28), leads us to the following result:
X = 1+ 4R
2(ε j J j − Q E Q B)2
[M j(R + M)(R −  j) + |Q 2E + Q 2B |R]2
, (29)
which provide us with explicitly expressions for σ1 and σ2 in terms of physical Komar parameters
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√√√√M21 −
[
|Q 2E + Q 2B | +
J 21
[(
(R + M1)2 − M22
) (
(R + M2)2 − M21
)+ 4|Q 2E + Q 2B |R2][
M1
(
(R + M2)2 − M21
)+ |Q 2E + Q 2B |R]2
]
R − M1 − M2
R + M1 + M2 ,
σ2 =
√√√√M22 −
[
|Q 2E + Q 2B | +
J 22
[(
(R + M1)2 − M22
) (
(R + M2)2 − M21
)+ 4|Q 2E + Q 2B |R2][
M2
(
(R + M1)2 − M22
)+ |Q 2E + Q 2B |R]2
]
R − M1 − M2
R + M1 + M2 . (30)
Additionally, 1 = −2 = M1 − M2 leads us to the following relation between the seven physical parameters:
M1M2
[
J1 + J2 + R
(
J1
M1
+ J2
M2
)
− M1M2
(
J1
M21
+ J2
M22
)]
+ Q E Q B(M1 − M2)(R − M1 − M2) + |Q
2
E + Q 2B |( J1 + J2)R
R + M1 + M2
= M1M2
[
J1 +J2 + R
( J1
M1
+ J2
M2
)
− M1M2
(
J1
M21
+ J2
M22
)]
+ |Q
2
E + Q 2B |(J1 +J2)
R + M1 + M2 = 0. (31)
The total angular momentum (18) reads J = [(M1 − M2)(R2 − M2)
√
X − 1]/2R . The individual angular momenta of the black holes are 
given by
J1 = Q E Q B + M1[(R + M2)
2 − M21] + |Q 2E + Q 2B |R
2R
√
X − 1,
J2 = −Q E Q B − M2[(R + M1)
2 − M22] + |Q 2E + Q 2B |R
2R
√
X − 1, (32)
where J2 = − J1(1↔2) . The total angular momentum of the system is exactly the sum of the individual angular momenta J = J1 + J2.
Notice that the relation between the seven parameters, Eq. (31), is a generalization of the one for the vacuum case [12]. Further-
more, in the vacuum solution, the interaction force related with the strut in-between does not provide any information on the spin–spin 
interaction, as it happens in the identical case [22].
Nevertheless, in this more general description, the spin–spin interaction is now introduced into the force by means of the electro-
magnetic ﬁeld, by the presence of the magnetic charge Q B and the magnetic dipole moment bo , since these multipolar terms arise 
permanently due to the rotation of electrically charged black holes [7,9,14]. Replacing Eq. (29) into Qo and Bo , the electric and magnetic 
dipole moments read
qo =
[
Q E − 2Q B RJ j
M j(R −  j)(R + M) + |Q 2E + Q 2B |R
]
(R − M),
bo =
[
Q B + 2Q E RJ j
M j(R −  j)(R + M) + |Q 2E + Q 2B |R
]
(R − M). (33)
We notice that the term qo + ibo remains invariant under the exchange Q E ↔ iQ B . This means that duality properties are no longer 
valid due to the rotation parameter arising in the binary rotating black hole charged system [10]. An external observer will see the same 
electromagnetic ﬁeld effects if the electric and magnetic potentials are exchanged.
Note from Eq. (30) and Eq. (31) that in the limit R → ∞ both black holes turn out to be equal. In this limit Eq. (30) reduces to 
σ =
√
M2 − |Q 2E + Q 2B | −J 2/M2 and the electric and magnetic dipole moments behave as qo ∼ Q E R and bo ∼ Q B R , respectively. At large 
distances each black hole contains contributions coming from the Dirac string, therefore the angular momentum over the black hole 
horizon is now J = J − Q E Q B , in agreement with Tomimatsu’s proposal [1].
4. Properties of the solution
The thermodynamical properties of the solution are contained in our generalized Smarr mass formula (28), in which the surface gravity 
κ j and area of the horizon S j of the j-th black hole are related to each other by means of σ j . Both quantities can be obtained directly 
from Eq. (17) and without any previous knowledge of the explicit expression of σ j . The area of the horizon S j is calculated with aid of the 
expressions [1,23] S j = [4πσ j]/κ j , and κ j =
√
−2j e−2γ
H j , where γ H j is the metric function γ evaluated at the corresponding horizon 
H j . The area of the horizons and surface gravities read
S1 = 4π
(
R + M1 + M2
R + M1 − M2
)[
2M1(M1 + σ1) − [(R − M1)
2 − M22]μ|Q 2E + Q 2B |X
(R + σ1)2 − σ 22
]
= π(R + M1 + M2)
2[4(M1 + σ1)2R2 + [(R − M1)2 − M22]2(X − 1)]
R2[(R + σ1)2 − σ 22 ]
,
κ1 = σ1(R + M1 − M2)[(R + σ1)
2 − σ 22 ]
(R + M1 + M2){2M1(M1 + σ1)[(R + σ1)2 − σ 22 ] − μ(Q 2E + Q 2B)[(R − M1)2 − M22]}
= 4σ1R
2[(R + σ1)2 − σ 22 ]
(R + M + M )2 {4(M + σ )2R2 + [(R − M )2 − M2]2(X − 1)} ,1 2 1 1 1 2
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with X := [Q 2o + B2o]/|Q 2E + Q 2B |. For Q E = 0, Q B = 0 and X = 1 +4R2 J2j /[M j(R − j)(R +M)]2, the formulae for S j and κ j reduce to the 
particular vacuum case already discussed in [12]. Besides, those corresponding to asymmetric black diholes [10] are recovered for J = 0, 
Q B = 0 and X = 1.
The interaction force due to the strut is derived through the energy–momentum tensor and calculated through the formula [5,24]:
F = 1
4
(e−γ0 − 1) = M1M2
R2 − (M1 + M2)2
[
1+ |Q
2
E + Q 2B |R2
M1M2(R + M1 + M2)2
]
, (35)
where γ0 is the value of the metric function γ on the strut. Notice the contribution to the force of the magnetic charge. The strut between 
the KN black holes cannot be removed for ﬁnite values of the distance R . It disappears only in the limit R → ∞, for which the bodies are 
isolated.
5. Particular limits of the solution
5.1. Vanishing magnetic dipole moment (bo = 0)
The ﬁrst particular case of Eq. (17) is a generalization of the identical case already studied in Ref. [14]. The vanishing of the magnetic 
dipole moment term (bo = 0) reduces Eq. (33) to a cubic equation:
(X − 1)
[
X − 2
(
1− 2M j[M j(1+ μ) −  j]
Q 2E (1− μ2)
)]2
− 4 J
2
j
Q 4E
= 0, (36)
whose explicit real root solution reads
X = 1+
[a j + [b j − a3j +
√
b j(b j − 2a3j )]1/3]2
[b j − a3j +
√
b j(b j − 2a3j )]1/3
,
a j := 13
(
1− 4M j[M j(1+ μ) −  j]
Q 2E (1− μ2)
)
,
b j :=
2 J2j
Q 4E
, b j ≥ 2a3j , j = 1,2. (37)
The vanishing of the magnetic dipole moment, generates magnetic monopole charges as a consequence of the rotation of electrically 
charged black holes. The corresponding magnetic charge reads Q B = −Q E
√
X − 1.
The functional form of σ j reduces to:
σ j =
√
X[M2j − Q 2EμX] +
(
R2 + M j
2R
)2
(1− X), (38)
where X is given in Eq. (37). Thus, the interaction force (35) is now endowed with an explicit spin–spin interaction through the values of 
X :
F = M
2
R2 − 4M2 +
Q 2EμR
2
(R2 − 4M2)2 X . (39)
The magnetic charges appear due to the rotation of electrically charged black holes. By considering ﬁrst a system of asymmetric black 
dyons with slow rotation, the corresponding magnetic charge reduces to the following expression:
Q B  −Q E 2 J j(1− μ
2)
4M j[M j(1+ μ) −  j] − Q 2E (1− μ2)
. (40)
Additionally, the magnetic charge, when the two-body system is immersed in a weak electromagnetic ﬁeld, reads
Q B  −Q E J j(1− μ
2)
2M j[M j(1+ μ) −  j] . (41)
In both cases, in the limit R → ∞ (or μ = 1), the magnetic charges as well as the extra boundary term MSA j vanish, and the electric 
dipole reads Qo = Q E X .
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A second particular case (Q B = 0) of Eq. (17) leads us to the unequal case of the solution [7]. For Q B = 0, the electric and magnetic 
dipole moments read
qo = Q E(R − M), bo = 2Q E R J j(R − M)
M j(R −  j)(R + M) + Q 2E R
where the magnetic dipole moment arises from the rotation of electrically charged black holes. The electric dipole moment qo remains 
electrostatic, since it is not a function of the rotation parameter J . The generalized mass formula (28) reduces to the conventional one [2]. 
Contrary to the identical case, the strut force does not remain electrostatic and a spin–spin interaction appears in the force [see Eq. (35)]. 
By setting Q B = 0 in Eq. (30) one obtains expressions for the functions σ1 and σ2 describing the black hole horizons
σ1 =
√√√√M21 −
[
Q 2E +
J21
[(
(R + M1)2 − M22
) (
(R + M2)2 − M21
)+ 4Q 2E R2][
M1
(
(R + M2)2 − M21
)+ Q 2E R]2
]
R − M1 − M2
R + M1 + M2 ,
σ2 =
√√√√M22 −
[
Q 2E +
J22
[(
(R + M1)2 − M22
) (
(R + M2)2 − M21
)+ 4Q 2E R2][
M2
(
(R + M1)2 − M22
)+ Q 2E R]2
]
R − M1 − M2
R + M1 + M2 , (42)
whose parameters fulﬁll the algebraic relation:
M1M2
[
J1 + J2 + R
(
J1
M1
+ J2
M2
)
− M1M2
(
J1
M21
+ J2
M22
)]
+ Q
2
E ( J1 + J2)
R + M1 + M2 = 0. (43)
5.3. Vanishing total angular momentum ( J = 0): static dyonic two-body system
Another particular case is the black hole system with static horizon ( j = 0), but with non-vanishing global angular momentum 
( J j = 0). These kind of black holes are dyonic [25]. The horizon’s angular momentum J vanishes when the electromagnetic ﬁeld compen-
sates the global angular momentum of the black hole J j , according to: J j = ε j |Q E Q B |. The algebraic relation Eq. (31) between the param-
eters is fulﬁlled automatically. The electric potential at the black hole horizon H j now reads φHj = μ/[M j +σ j], σ j =
√
M2j − |Q 2E + Q 2B |μ. 
After setting X = 1 in Eq. (34), the area of the horizon and the surface gravity read:
S1 = 4π(R + M1 + M2)
2(M1 + σ1)2
(R + σ1)2 − σ 22
,
κ1 = σ1[(R + σ1)
2 − σ 22 ]
(R + M1 + M2)2(M1 + σ1)2 ,
S2 = S1(1↔2), κ2 = κ1(1↔2). (44)
The above expressions are dyonic generalizations of asymmetric black diholes [10]. The magnetic monopole charges arise from the rotation 
of the RN black holes.
6. Conclusions
This paper is devoted to study a dyonic generalization of black dihole models which include unequal but opposite angular momentum 
parameter, i.e., asymmetric black dyons [8]. The two-body system of unequal counterrotating Kerr–Newman black holes is endowed with 
identical but opposite electric and magnetic charges, where the sources are supported by a massless strut in-between [4,5], in order to 
prevent the falling into each other.
It should be pointed out on the importance of including magnetic monopole charges in the binary system conﬁguration, as well as the 
contribution of the Dirac string, linking the black holes, to all the physical properties of the system. Therefore, one should generalize the 
Smarr formula for the mass taking into account the contribution of the individual monopole magnetic charges to the mass. Additionally 
one obtains an algebraic relation between the seven physical parameters. This relation can be understood as a dynamic scenario in which 
both bodies induce on each other changes of energy. For instance, at some distance R the angular momentum J1 measured over the 
corresponding horizon induces rotation in the other body (J2), according to:
J2 = −J1 M2[(R + M1)
2 − M22] + |Q 2E + Q 2B |R
M1[(R + M2)2 − M21] + |Q 2E + Q 2B |R
, (45)
Including magnetic charges into the solution enriches the mathematical structure of the spacetime of such conﬁgurations, instead of 
duality properties of the electromagnetic ﬁeld, it remains invariant under exchange between the electric and magnetic sectors.
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